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( $111\iota 1\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{p}\mathrm{l}\mathrm{e}$ zeta values)





$k_{\eta}$. $\in \mathrm{N},$ $k_{\eta}\geq 2$ .
D.Zagier $[\mathrm{Z}]\circ$
$r\iota=1$ Itieln$\dot{<}\mathrm{L}1\iota 11$ K-Z





$\zeta(3)=((1,2),$ $\zeta(4)=\zeta(1,3)+\zeta(2,2),$ $\zeta(_{\iota J)}^{r}=6\zeta(1,4)+2\zeta(2,3),$ $\zeta(2)((3)=$
$\zeta(r\mathrm{o})+\zeta(2,3)+\zeta(3,2)..$. )
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1$\zeta(k_{1}, k_{2}, \ldots, k_{\eta})$ $k_{1}+k_{2}+\cdots+k_{n}$ $\mathrm{w}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}_{\text{ }}$
$7\iota$ depth $k_{n}=1$
$k_{?\uparrow}\geq 2$ weight $(\leq 5)$
$\mathrm{w}\mathrm{t}$ . $2$ $\zeta(2)$
$\mathrm{w}\mathrm{t}$ . $3$ $\zeta(3),$ $\zeta(1,2)$
$\mathrm{w}\mathrm{t}$ . $4$ $\zeta(4),$ $\zeta(1,3),$ $((2,2),$ $\zeta(1,1,2)$
$\mathrm{w}\mathrm{t}$ . $5$ $\zeta(5),$ $\zeta(1,4),$ $\zeta(2,3),$ $\zeta(1,1,3),$ $\zeta(3,2),$ $\zeta(1,2,2),$ $\zeta(2,1,2),$ $\zeta(1,1,1,2)$
weight $k$ 2k-2 ( $\zeta(3)=\zeta(1,2)$
$\mathrm{i}_{\mathrm{l}1}\mathrm{d}\mathrm{e}\mathrm{x}$ set )
$R$ $Q$ $\mathcal{Z}_{0}=Q_{\text{ }}\mathcal{Z}_{1}=\{0\}_{\text{ }}k\geq 2$
$\mathcal{Z}_{k}=wC^{\mathrm{J}ih\iota}g$ $k$ $Q$
$z:= \sum_{\lambda:}\geq 0^{\mathcal{Z}_{k}}$




$(l_{0}=1,$ $d_{1}=0,$ $d_{2}=1,$ $(l_{k}=(\iota_{k}-3+dk-2, (k\geq 3)$ .
d, 3 1
$Z$ $\mathrm{Q}$ -algebra $(!)_{\circ}$
( Q- )
$Z$ algebra
$Z$ $\mathcal{Z}_{k},$ $(k=0,1,2, \ldots)$







$\zeta(k\iota, k‘)$ –. . $- k_{\mathrm{r}}$ ) $=$
$\sum_{i\geq 0}$ t \supset 1 $t=1$
“$t$ ”
index weiglrt 1 “ $1-t$ ” depth
1 weight $k$ $k$
$\frac{1}{1-l}$ $\frac{1}{\iota}$ ( $k_{n}\geq 2$ )
$k-2$ $\frac{1}{l}$ oor $\underline{1}$ 2k-21-\dagger
$\frac{1}{t}$ x $\frac{1}{1-\mathit{1}}$ $y$ $\zeta(k\mathrm{l}, k\iota 2, \ldots , k_{n})$
2 word $x^{k_{n}-1.k_{n}-1}yx-|y\ldots x-yk_{1}\mathrm{l}$
M.Hoffmalt $[\overline{\mathrm{H}}2]$
$\mathcal{H}:=Q\langle x,$ $y$ ) $Q$- 2 $\mathcal{H}^{0}$
$\mathcal{H}^{0}:=Q+xQ\langle x,$ $y$ ) $y$ ( $\mathcal{H}^{0}$ $x$ $y$
word ) $\mathrm{Q}$- $\overline{\zeta}:\mathcal{H}^{0}arrow Z$
$\overline{\zeta}(x-1yx-1k\mathrm{J}-X1)k_{n}k_{n-1}.=y\ldots y\zeta(k1, \ldots, k_{n-1}, k_{\iota},.)$
$\mathrm{Q}$-linear ( $\zeta(1)=1\sim$ )
$k_{i}$
$\zeta\sim$
$\mathcal{H}^{0}$ algebra $\overline{\zeta}$ algebra $\mathrm{h}\mathrm{o}\mathrm{r}\iota 1$ .
( $\overline{\zeta}$ algebra holri. $\mathcal{H}^{0}$ 2 cf. [H2], $[\mathrm{K}1]_{\circ}$ )
$Ker\overline{\zeta}$
$\zeta(3)-\zeta(1,2)=0\Leftrightarrow x^{22}y-xy\in Ker\zeta$.
$\zeta(4)-\zeta(1,3)-\zeta(2,2)=0\Leftrightarrow x^{3}y-x^{2}y^{2}-xyXy\in Ker\zeta$ .
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3
$N:=\{\theta\in E\mathit{7}\iota d(\mathcal{H}^{0})|\theta(\mathcal{H}^{0})\subset Ker\overline{\zeta}\}$
1
(Kaneko) $n\geq 1$ Q-derivation $\partial_{n}$ : $\mathcal{H}arrow \mathcal{H}$
$\partial_{n}(x)=x(_{X}+y)^{??}-1y,$ $\partial_{n}.(y)=-x(X+y)^{?}’-\iota_{y}$
$\partial,,$ $\in N,$ $(n\geq 1)$




$=x^{2}yxy+xy^{2.\cdot 2}’\iota y+xy-3\Lambda yX\in Ker(?)\overline{\zeta}$
$\Leftrightarrow\zeta(2,3)+\zeta(2,1,2)+\zeta(1,1,3)-\zeta(5)=0(?)$.
1 $\prime l\leq 4$ $\partial_{??}\in N$ .
4
duality
2(Duality) Q- $\tau$ : $\mathcal{H}arrow \mathcal{H}$ $\tau(x)=y_{\text{ }}\tau(y)=x$ anti-algebra
$ho\mathit{7}r\iota$ . $1-\tau\in N$ .
$\tau$ word $x$ $y$ ( $\tau$
illvolutioll 0 )
$(1-\tau)(Xy)2y=x^{22}-Xy\in Ker\overline{\zeta}\Leftrightarrow\zeta(3)-\zeta(1,2)=0$ .
$(1-\mathcal{T})(.\prime r,yxy)3=x^{3}yxy$ –xyxy3 $\in Kcr\zeta\Leftrightarrow\zeta(2,4)-\zeta(1,1,2,2)=0$.
$(1- \mathcal{T})(x-1)k-y-Xy=x^{k1}y^{k-[}\in Ker\zeta\sim\Leftrightarrow\zeta(k)=\zeta\frac{1,,1}{k-2},$
.
$\zeta(3)$ dual $\zeta(1,2)$ $\mathrm{w}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{t}\mathrm{l}\iota k_{\text{ }}$ depth $n$






$\zeta(k_{1,2,\mathit{7}|}k\ldots, k.)=\int_{0}^{1}\frac{(lt_{k}}{t_{k}}\int_{0}^{l_{k}}\cdot$ . . $\int_{0}^{t_{2}}\frac{clt_{1}}{1-t_{1}}$
$= \int_{0}^{1}‘\frac{li_{1}}{1-t_{1}}\int_{\mathfrak{l}_{1}}^{1}\cdots\int_{l_{k-1}}^{1}\frac{dl_{k}}{t_{k}}$ .
$(b_{1}, \ldots, bk)\mapsto(1-t_{k}., \ldots, 1-t\iota)$ $\zeta(k_{\mathrm{l}}, k2, \ldots, k,,)$ dual
3 (Ohno) $(k_{1}, k_{2}, \ldots, k’\eta)$ $(k_{1}’, k_{2}’, \ldots, k_{?}^{;}’)$
? dual
$i,n\mathrm{t}l,ex$ sets $l\geq 0$
$r_{\iota}.+r_{2}.+, \cdot+\prime n\forall i\geq 0\sum_{\prime}.\zeta=\ell(k\mathrm{l}+e_{1}, k_{2}+e_{2}, \ldots, k_{r?}+e_{??})=.\sum_{\ell\Gamma\prime.\prime}.\cdot\zeta(k_{1}\forall r:’\cdot\geq 0’+e_{1’ 2^{+,+}}’’’ke2’\ldots, k_{\gamma l}’\prime e_{7’},)$
’
[O] $l=0$ duality $\ell=1$
“Hoffman ” [H1]
4 $P\geq 0$ $Q$- $\sigma\ell$. : $\mathcal{H}^{0}arrow \mathcal{H}^{0}$
$\sigma\ell.(.\prime ply.\prime r^{k1}k_{n}-1’.-1-yn\ldots x-\mathrm{l}yk_{\mathfrak{l}})=...\cdot\sum_{\geq \mathrm{r}.0^{r}}.x’-x^{k_{\eta}}y-|+r\prime k_{\eta}+’:_{1}1\backslash n-1r_{1}+\mathrm{r}_{\forall}2+.+\cdot n=\ell y\ldots X^{\cdot}yk-11+r\iota-1$
$Q- linea\gamma$. ( $\sigma\ell.(1)=1$ ) $\sigma_{\ell}.(1-\mathcal{T})\in$
$N,$ $(l\geq 0)$ .
1 weight $k$ ( 3)






$(\subset \mathcal{H}^{0})$ $\partial_{n}(n=1,2, \ldots)$ , $1-\tau$ –
4 1
$\sigma\ell$.
$\partial_{n_{\ovalbox{\tt\small REJECT}}}$ derivation $D_{7n}.,$ $\overline{D}_{m}$
(
Iecover )
$?n\geq 1$ Q-derivation $D_{\gamma 1\mathrm{t}}$ : $\mathcal{H}arrow \mathcal{H}$ $D_{m}.(x)=0,$ $D_{m}(y)=x^{m}y$
$\overline{D}_{r?},=\tau D_{m^{\mathcal{T}}}$
$\overline{D}_{71l}$ : $\mathcal{H}arrow \mathcal{H}$ Q-derivation (derivation involutioll derivation
) $\overline{D}_{\eta?}.(x)=xy^{m},$ $\overline{D}_{rn}(y)=0$ derivation
$\delta,$
$\delta’$
$[\delta, \delta’]:=\delta\delta’-\delta’\delta$ [ $\delta,$ $\delta’1$ derivation $x$ $y$
$[D_{7’?}., D_{?},]=0$ $[\overline{D}_{r11’\eta}\overline{D}]=0,$ $(n, m\geq 1)$
$D_{7’?}$ –D,}
$l$ $\lambda=(\lambda_{1}, \lambda_{2}, \ldots),$ $(i.e., \lambda_{1}\geq\lambda_{2}\geq\ldots, l=\lambda_{1}+\lambda_{2}+\ldots.)$







) $\mathcal{H}^{1}:=\mathrm{Q}+\mathcal{H}y$ $z_{i}:=x^{i-1}y,$ $(i\geq 1)$ $\mathcal{H}^{1}$ $z_{i}$
$\Lambda=\mathrm{Q}[1X\iota, \lambda^{r_{2}},.\ldots]]$ $X_{1},$ $X_{2},$
$\ldots$
A $\mathcal{H}^{1}$













$ii) \partial_{2}=\overline{D}_{2}-D_{2}-\frac{1}{2}([\overline{D}_{\mathrm{l}}, D\mathrm{l}]-1^{D_{1},\overline{D}\mathrm{l}}1)$ .
$iii)\partial 3=\overline{D}_{3}-D3-([\overline{D}2, D1]-_{1^{D_{2}},\overline{D}1)}1$ .
$iv) \partial_{A}=\overline{D}_{A}-D_{\{},-(1\overline{D}3, D\mathrm{l}1-[D_{3},\overline{D}_{\mathrm{l}}])-\frac{\mathrm{l}}{4}(1\overline{D}2, D2]-[D2,\overline{D}21)+\frac{1}{4}([1^{\overline{D}_{2},D],\iota]}]D-$
$11^{D_{2},\overline{D}}11,$ $\overline{D}[])$ .
) $\mathcal{H}$ derivation $x$ $y$ –
1 1
1 $N$ End $(\mathcal{H}^{0}).\text{ _{}S}ub- algebr\cdot a$
$i)\theta\in N,$ $\phi\in End(\mathcal{H}^{0})\Rightarrow\theta\phi\in N$ .
$ii)\phi,$ $\phi’\in End(\mathcal{H}^{0}),$ $\phi+\phi’\in N\Rightarrow\phi+\tau\phi’\in N$ .
) sub-algebra $i$ ) $N$ $ii$ ) $i$ ) $\theta=$
$1-\tau\in N$ (duality) $\phi=\phi’$ $\phi’-\tau\emptyset’\in N$
$\phi+\phi’\in N$ I
1 ) $\partial_{n}\in N(n\leq 4)$
$n=1$ $l=1$ 1, $ii$ ) $\sigma \mathrm{l}-\tau\sigma \mathrm{l}\mathcal{T}\in N$ .
1 2, $i$ ) $\partial_{1}\in N$
$n=2$ $l=1,2$ 1 1,
$D_{1}-\overline{D}_{1}\in N$ $D_{2}+D_{1}^{2}-(\overline{D}_{2}+\overline{D}_{1}^{2})\in N$ $D_{1}-\overline{D}_{1}$ $D_{1}+\overline{D}\mathrm{l}$
1, $(D_{1}-\overline{D}_{\mathrm{l}})(D_{1}+\overline{D}_{1})\in N$ $D_{2}+D_{1}^{2}-(\overline{D}2+\overline{D}^{2})\mathrm{l}$
$\overline{D}_{2}-D_{2}-1\overline{D}\mathrm{l},$ $D[]\in N$ 2, i $\partial_{2}\in N$
$n=3$ $l=1,2,3$ 1 1, $ii$ )
$\sigma\ell$. $-\overline{\sigma}\ell\in N(l$. $=1,2,3)$ ( $\overline{\sigma}_{\ell}$. $=\mathcal{T}\sigma p.\tau$ ) 1
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$D_{1}-\overline{D}_{1}\in N,$ $D_{2}+D_{1^{-\overline{D}_{2}-}\mathrm{t}}^{2}\overline{D}2\in N,$ $2D_{3}+3D_{2}D_{1}+D_{1}^{3}-2\overline{D}3-3\overline{D}_{2}\overline{D}\mathrm{l}-\overline{D}_{1}^{3}\in N$
1,
$(D_{1}- \overline{D}_{1})\cdot\frac{1}{4}(3D_{2}+3\overline{D}_{2}-D^{2}-\mathrm{l}\overline{D}_{11}2-2\overline{D}\mathrm{l}D-2D_{\mathrm{l}}\overline{D}_{1})\in N$,
$(D_{2}+D_{12}^{2}-\overline{D}-\overline{D}1)2$ . $\frac{3}{4}(D_{1}+\overline{D}_{1})\in N$,
$(2D_{3}+3D_{2}D_{1}+D_{13}^{3}-2 \overline{D}-3\overline{D}_{2}\overline{D}_{1}-\overline{D}_{1}^{3})\cdot(-\frac{1}{2})\in N$ .
$\overline{D}_{3}-D_{3}-\frac{3}{4}[\overline{D}_{2}, D_{1}]-\frac{1}{4}[[D_{1},\overline{D}_{1}],$ $\overline{D}\mathrm{l}]+\frac{3}{4}[D_{2},\overline{D}_{1}]+\frac{1}{4}[[\overline{D}_{1}, D[],$ $D_{1}]\in N$ .
2 $1^{\overline{D}_{2}},$ $D_{1}$ ] $=[[D_{1},$ $\overline{D}_{\mathrm{l}}1,$ $\overline{D}[],$ [ $D_{2},$$\overline{D}_{1}1’=[[\overline{D}_{1}, D_{1}],$ $D[]$
2, $iii$ ) $\partial_{3}\in N$




$(D_{2}+D_{12\mathrm{l}}^{2}- \overline{D}-\overline{D}2)\cdot\frac{1}{4}(2D2+2\overline{D}_{2}-D2-1\overline{D}_{1}-\overline{D}1D_{1}2-D_{\mathrm{l}}\overline{D}_{\mathrm{l}})\in N$ ,
$(2D_{3}+3D2D_{1}+D_{1\mathrm{s}}^{3}-2 \overline{D}-3\overline{D}_{2}\overline{D}\mathrm{l}-\overline{D}_{\mathrm{l}}^{3})\cdot\frac{1}{3}(D_{1}+\overline{D}1)\in N$,
$(6D_{\Lambda}+8D3D1+3D_{2^{+6D_{2}}1}^{2}D2+D_{1}^{\eta}-6 \overline{D}\triangleleft-8\overline{D}_{3}\overline{D}_{1}-3\overline{D}_{2^{-6}11}^{2}\overline{D}_{2}\overline{D}^{2}-\overline{D})(-4.\frac{1}{6})\in N$ .
$\overline{D}_{\Lambda}-D_{\wedge}-(\frac{2}{3}[\overline{D}3, D1]+\frac{1}{4}[1^{D,\overline{D}_{2}}1],\overline{D}1]+\frac{1}{12}1[[\overline{D}_{1}, D1], \overline{D}_{1}],\overline{D}_{\mathrm{l}}])+$
$( \frac{2}{3}[D3,\overline{D}1]+\frac{1}{4}[[\overline{D}1, D21, D1]+\frac{1}{12}[11D1,\overline{D}_{1}], D_{1}], D\iota])-$
$\frac{1}{2}[\overline{D}_{2}, D_{2}]+\frac{1}{4}([[\overline{D}2, D_{1}], D_{1}]-_{1[}D_{2}, \overline{D}1],\overline{D}_{1}])\in N$ .
2, $iv$ ) 2 $\partial_{4}\in N$ I
2 $n>rn\geq 1$ $n,$ $’ n$
$i)[\overline{D}_{??},$ $D_{\mathrm{l}}1=[1^{D_{1},\overline{D}},\gamma-rt’.1,\overline{D}_{?}|\gamma.]$ .
$ii)1D_{?1},\overline{D}1]=_{11],D_{t1}}\overline{D}1,$$D,\}-m’.]$ .
) $x$ $y$ –
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recover :
5 $\partial_{1},$ $\partial_{2},$ $\partial_{3}\in N\Rightarrow\sigma\ell$. $-\overline{\sigma\ell.}\in N,$ $(l=1,2,3)$ .
$\sigma\ell$. $-\overline{\sigma\ell.}\in N$ 1, $ii$ ) (duality) $\sigma\ell.(1-\tau)\in N$
recover
1 $\sigma\ell.(1-\mathcal{T})\in N,$ $(\ell=0,1, \ldots, n)$ $\partial_{n}\in N$
5 \partial 7’. $\in$ $N,$ $(r\iota=1,2, \ldots, \ell)$
$\sigma\ell$.
$-\overline{\sigma\ell.}\in N$
$\partial_{n}$ $D_{7’?}$. , $\overline{D}_{7??}$. Lie element
1 ( 5 ) operator calculus –
$D_{m},\overline{D}_{?’?},$ $(?n=1,2, \ldots)$ Lie free
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